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NOMENCLATURE

E - Young's Hodulus of elasticity

G - Elastic shear modulus

I - Riig cross-sectional moment of inertia

Smax - Combined maximum shear stress

Sy - Material yield stress in tension

T - Torque

T' - Torque in the shorter arc of the ring preform

T" - Torque in the longer arc of the ring preform

V - Transverse shear force in the ring

Xc1  - Geometrical factor for elastic torsion (equivalent to the polar

moment of inertia)

tc2  - Geometrical factor for elastic-plastic torsion similar to the elastic

torsion factor

r - Radius of the ring

x - Circumferential distance on the ring

y - Deflection normal to the plane of the ring

0 o  - Measure of one half the included angle between the grips

- Angle of twist between the grips

E - Angle of twist between the grips at which the ring material reaches

the elastic limit in the shorter arc

p - Angle of twist between the grips beyond OE

OT - Total angle of twist between the grips

ii



II

OR - Residual angle of twist between the grips

p - Radius in a circular cross-section of the ring

Po - Outer radius of the ring cross-section

p - Elastic-plastic interface radius of the ring cross-section

Ii
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INTRODUCTION

In a De Bange obturator the split rings have the function of preventing

the pad material from being extruded out between the spindle and tube or

between the disk and tube. This pad sealing function can only be accomplished

if the rings are free to expand out to contact the tube; thus the requirement

for the split in the split rings. However, unless a certain minimum residual

force (or preload) is maintained on the split there will be a tendency for the

obturator pad material to be extruded into the split when the ring dilates and

then nibbled off when the ring is unloaded and allowed to close up again. It

the required preload cannot be consistently obtained in the production of the.

rings then a problem will exist since rings which fail to meet specificatfon

cannot be reworked and must be scrapped.

Since the preloading (or "kinking") of the ring preforms is not a closely

controlled process and indeed is largely a matter of the operator's judgment,

it would seem desirable to study the mechanics of the process. The following

analyses are an attempt to put the design of the fixture, the process, and the

dimensioning of the preform on a rational basis. Specifically, we wish to

know the included angle, 60 , between the fixture grips, and the relative

angular displacement, OT, of the grips that will give the greatest residual

transverse shear force in the ring preform. We would also like to know what

width the ring preform should have so as to minimize the amount of stock

removal in the final machining process while still allowing for adequate

material for the finished ring.
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To see how torque and transverse shear are related, consider a segment of

the ring of radius, r, which is subjected to an applied torque as shown in

Figure 1. Taking moments about the radial axis:

2T sin 0 - 2Vr sin 0

or

T - Vr . (1)

Thus gripping a ring preform at the locations indicated in Figure 2 and

twisting in opposite directions to the extent that permanent deformation

occurs in the shorter arc of the ring will induce a shear preload into the

ring.

The process which the ring undergoes is shown in Figure 3 where the solid

line represents the torsion in the shorter arc and the broken line represents

the torsion in the longer arc. Examination of the figure will show that the

greatest residual torque occurs when 0o is chosen so that the slopes of the

torque-twist plots are such that the longer arc is just about to yield when

0 -T and the shorter arc is just about to reverse yield when 0 OR. These

conditions are met if

OE 0 0
- -0o , and OT OR 2 0E • (2)

OT 7r-00
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Figure 1. Shear forces and torques on a ring segment.
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Figure 2. Grip positions on the ring preform (definition of e0).

T

TT

//,

Figure 3. Torque-twist diagram for segments of the ring .preform.
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DETERMINATION OF 60 AND OT

In order that a fixture may be constructed to provide the means for

optimum twisting of the ring preforms, the angle 00 must be determined. To do

this we start by noting that

00 OE OT-P OP
- = - = - = 1 - -
I-0o OT OT OT

which readily gives

Oo OT

00 O
(3)

Also we have

OT- R = 2 = 2 (OT - OR)

which gives

OP 1 OR

OT 2 OT
and

OP 1 OR2 -. =.- (3 - -)

OT 2 OT

so that

OR

(4)
Tr R

OT
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The torque on a twisted bar or section of ring is inversely proportional

to the length of the twisted section and directly proportional to the angle of

twist, shear modulus, and a geometrical factor. For e!s,;tic deformation the

geometrical factor shall be designated icl, and for elastic-plastic deforma-

tion it shall be designated £c2. This amounts to a bilinear ideallzati, r

the deformation process.

When the ring is twisted through an angle *T and then allowed to relax,

.the torque in the shorter arc is given by

T'= - ZclG + - c 2 G -C- G
2r8 o  2rG0  2r o0

= - JclG + - Xc2G (5)
2rG o  2r o

and on the longer arc by
OR

T" - XI G  
(6)

2r(ur-6 0 )

When the external torque is completely removed then

T' +T" =0

or

RP *P Xc2 R+ + 0 (7)
o0 o l.cl (ir-0)

6



which after some manipulation becomes

O R £c 2  -e0o
C-) = 1 - (- )dpptc 1  ir

so that

ObR OP OR Xc2  w-0 o  Oo(-)(-)= (-) - (1 - -)(-)(1

OP OT OT tC1  IT-0

which reduces to

R c2 2 00
(-) = (1 - -M)(1 -) . (8)OT xcj 1

Direct substitution then gives

Lc2  26 0

1 - (1 - -)(I -)

= t 1 (9)
• Rc2  260

3 - (1 - -)(1 --- )
ici.

0o

The appropriate solution for - follows as
iT

XC .-c2 2 4C2
-3 (- ) + (-) + 8(-)

60 Xcl V Cl Cl
= £c £ciici(10)

itc 2

4(1 - -)zc1

Xc2 0

For a value of - - 0 it is obvious that - 0 while it can be shown that in

I Yc2 00

* the limit as - approaches a value of 1, - approaches -

ic1  7T 3
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The maximum shear stress on the cross-section of the ring in the longer

arc is proportional to th, aigle of twist up to the poInt of yielding at =

*T. Using the Huher-Hlencky-Ion Hises distcrii n ener,;, -'It- as the yield

criterion allows us to write
I Sy

T = - - C' :
/_ Smax

where represents the angle of twist corresponding t tihe maximum shear

stress Smax. Therefore, providing that the yield strengt'i of the ,At.e:ial I'

known and Smax can be determined as a function of q', -. " ist,"1!,. sj

klso we have
200~

'R = T( I - -- )(I - -)

which onay be used to calculate the residual shear force in the ring from

TR R
V £G . (13)

r 2r 2 (7-0 0 )

8



DETERMINATION OF PREFORM SECTION DEPTH

The residual deflection of the ring preform can be computed in order to

determine if there is sufficient material to finish machine. Assuming that

the curvature of the ring is not so great as to preclude approximation by

prismatic beam theory we can say

d3 y V T

dx3  El rEl

where on the longer (elastically deformed) arc

OR
T - clG

2r(n- 0)

so that
d3 y OR cjG

-x
3  2r2(if-80 ) E1 (14)

0 27r-e o  21x

Figure 4. Shear and bending moment diagrams for the ring preform.



From Figure 4 is is seen that

d2 =0 . (15)
dx2 xre=rOr

Also it will be convenient to define the reference plane rc-rdling to

x=r =rO=r 0  =' r x=r Ixur9=r (2n-6 0 ) =in

Integrating once gives

d2 y OR Yc+G
- = - - x + el"'

dx2  2r2 (7r-0o) E1

OR £eclG

2 -0o (rO) + c1" (17)
2r 2 (7r-a 0 ) EI

d2 y

Now since M - 0 at e w, then - = 0 at 8 - n and we have
dx

2

R XcIG

0 =- (rnf) + i
2r2 (?r-80 ) E1

or

R XclG

cl" -( - (-rit) . (18)
2r2 (ir-O 0) El

Therefore

d2y OR XcIG
-- - (8-ir)

dx2  2r(n-6 0 ) El

*R £cIG x
2-- (- - W) (19)
2r~r-0) EI r

10



Integrating again gives

dy *R £cIG x2
- (- - Wx) + c I '  (20)

dx 2r("r-60) El 2r

and

*R £cjG X3  Wx2

( - - -) + Cli'x + Cl
2r(Ir-eo) El 6r 2

r R  XclG
(83 - 3n6 2) + clre + cI  (21)

12(ir-80 ) E1

From the condition of zero displacement at 0 - 0o and 0 - 2-00 we get

r R 9.clG
0 - [(00)3 - 3w(9 0)

2 ] + cj'r0 o + cl , (22)
12(w--0o) El

and
r R  ZClG

0 - - [(2-8eo) 3 - 3%(2w-60) 2] + cI'r(2r-60 ) + cl . (23)
12(r,-.0o ) El

Expanding and subtracting the second equation from the first eliminates one of

the unknown constants.

r$R 9cl G

0 -- 4- 3 + 6weo2 - 2003] + 2cI'r(r-0o) . (24)
i2(N-0 0 ) El

11



Dividing and transposing yields

reR XcjG

c i r (2n2 + 210o - 0e2) (25)

12(-g-60) El

so that
rOR XcjG

y (3 - 318 2 + 2726 + 2vBoO - 02 0 ) t cl . (2)
12(i-0 0 ) El

Now since y - 0 at 0 - z we have

rcR XcIG

c (160o
2 - 2f2Eo) (27)1l 2(7r-60) E1

and
r R XC1G

Y r=c- (63 - 3n62 + 2%26 + 2600 - e020 iO 2 - 2%2 0o) . (28)

12(n-0o) E1

Also

dy r R -CG (302 - 6ne"+ 2 2 + 2ir0 - e02) (29)

dx 12(v-0 0 ) El

The maxtmtum deflection occurs where dy- 0 which is to say where
dx

302 - 6w6 + 2w
2 + 2o00 - 60 0

or
3e2 - 6wr + 3

o2 02 - 210o + .2 • (30)

The above reduces to

3(6-r)2 - (6o-i) 2  (31)

12



or

Where

we have

02 2(2-F3)ir 2 + 2(r3-I)it9o + 902 (3

3

and

e3 2(3r 5 -5)lr3 + 6(2-/ 53)ir 2 o.+ 3(v/i-l)ne 0
2 + 03(4

3/3

Where

we have

92 2(+31 (3lvo 0(35)
3

and

63 2 3/-3 5)f - 6(2+ F5 )1r2 a0  + 3( F
544) u600

2  
- ( 6

13



(-1), +60
Substituting e r into the deflection equation gives

r R IclG 210 - 0 + 6eo 2 - 20o 2

12(- o ) El 3 r-

r R £cCG
- (-0) 2  (37)

18/i- El

(i- 1)r-e 0
Substituting 8 = into the deflection equation give-

rOR LciG -2n3 + 6i2 0o - 6Ot0
2 + 2eo

12(-0 0 ) El 3r

r R XclG
.(,f-6o)2 .(38)

18r3 El

Since the greatest deflections will occur in the longer arc it is clear that

the amount by which the preform must exceed the finished ring in depth is

rnR Xc1 G
- - (I-60)

2  
(39)

9r3 El

The relationship between the elastic constants, E - 2G(l+p), allows the above

to be written

ffr# R  Jtc I  60
(I - _)2 (40)

18r3(1+p)

14



APPLICATION TO DESIGN

The application of the formulas developed in the previous sections
Xc2

requires the evaluation of the ratio - . This is most easily accomplished

by first making a change in variables. Referring to Figure 3 we see that

TT-TE TT

Xc2  0T-E TE

. .. (41)
Xcl TE OT

- ~-*

In most cases the evaluation of the ratios - and - would be accomplished
TE OE

with the aid of numerical (i.e., finite element) methods. If the preform is

of circular cross-section, however, numerical methods need not be resorted to.

Although the use in practice of a circular cross-section is unlikely, the

example given here will serve to demonstrate the application of the theory and

may well serve as the starting point for the analysis of more practical

shapes.

Figure 5 shows two plots of idealized stress vs. radius relationships for

a circular cross-section subject to torsion. In the lower plot the material

is just at the yield stress at the outer radius, po, while in the upper plot

the material has yielded inward to the radius of the elastic-plastic

interface, pp.

15
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S

Figure 5. Shear stress-radius diagram for circulax ,.,vs-> =,,.:i,

The expression for the torque associated with the purely elastic strain

as depicted by the lower plot in Figure 5 follows as

TE - f 2(pSpdp ) 2p2dp SYpOP 3  (42)
-0 2 - -2v

In a similar way the torque associated with the elastic-plastic strain as

depicted by the upper plot in Figure 5 follows as

TT pJ P 21rpSpdp + fPo 2ipSpdp
0 Pp

Pp Sy fp0  Sy

PP(- -)2rp 2 dp + 2wr - p2dp
o Pp r3 Pp /3

72 1
S y ( PO3 - - Pp3 ) . (43)

V-3 3 6

16
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There fore
TT I p 3

- -I = - 0 -) . (44)
TE  3 po 3

In a torsionally loaded member of given length and circular cross-section

the angular deflection is proportional to the elastic stress at a radius and

inversely proportional to that radius. And since the stresses at Po and pp

are equal

OT Po
- = - . (45)
OE Pp

Also because OT - OR - 20E we have

OR OE Pp
-= 1-2 -= 1-2 .- (46)
OT O T Po

Substituting equations (46), (41), and (4) into

OR X-2 260(-) = (I - - M)1-m (8)
ObT  zcI  "

gives
P3  Pp

S+ 6 - I = 0 . (47)Po 3  Po

Pp
The single real root of this equation is - = 0.1659. This leads in turn

Po

to the results

Xc2  00

- - 0.065996 , - = 0.142295 , 80 = 25.60 and 2 00 = 51.2•

17
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Thus for any ring of circular cross-section the optimum spacing of the

grips is 51.2 degrees. Completion of the design will requiire the specifica-

tion of additional parameters. Let us assume the followLng values for the

required dimensions and material properties:

-= 10, po - 8.255 mm (0.325 m)
PO

p0  sy

Sy =1100 IlPa (160 Kpsi) - = 14.5 x 10- 3
y G

From the elementary theory of torsion of circular elastic rods -.e ia

00

2r(l-e 0 ) r

Smax poG C Po

Substituting into equations (II) and (12) gives

80
2n(l -;-

r Sy
T 0.45115 radian - 28.850 (49)

po G

and
Xc2 290

Op, 0.45115(1 - -)(1 - -) - 0.30145 radian - 17.27! (50)zc 1

18



Since the torque on a circular section is equal to the product of the

angular displacement, the polar moment of inertia and the shear modulus

divided by the length of the member we may compute

TCl npo 3 Sy

TT = = - = 563 N-m (415 ft. tbs.) , (51)
2r(1T-6o) 2fr

and
4 RLClG 4TtClG £c2  200

TR =2r(r- 0 ) 2r(r-6) (I - cM - )

= 376 N.m (277 ft. lbs.) (52)

The shear in the ring is computed from equation (13) as

TR TR
V - = - = 4555 N (1024 lbs.) (53)

r r
P0O

PO

And finally the width allowance is given by

nrR XcI 60 2 rR 2 60
(1 - )2 = - ( -..)2 (54)

18V3 (I+11) 7 18/3 (I+p) Tpo 4  Tr

4

- 2.84 mm (0.1117 in.)

19
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